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Abstract
 Complexation of (trace) elements in fluids plays a critical role in determining element 
mobility in subduction zones, but to date, the atomic-scale processes controlling elemental 
solubilities are poorly understood. As a first step towards computer simulation of element 
complexation in subduction zone fluids, a thermodynamic cycle was developed to investigate 
the hydration environment and energetics of lanthanide complexes using density functional 
theory. The first solvation shell is explicitly defined and the remaining part of the aqueous fluid 
is modelled using a polarisable continuum model, which allows extrapolation to a broad pressure 
and temperature range.
 We illustrate our method by comparing solvation of lanthanide series elements in 
H2O in the presence of fluoride or chloride for conditions relevant to subduction zones. The 
energetics of lanthanide- and lanthanide-fluoride/chloride hydration complexes were determined 
computationally. Calculated hydration free energies for trivalent lanthanides with explicit eight- 
and nine-fold coordinated first hydration shells show good agreement with literature data at 
room pressure and temperature. The hydration free energy is more negative for smaller complexes 
(heavy lanthanides) relative to larger complexes (light lanthanides), with the difference between 
La and Lu in water amounting to 361 kJ mol-1. The hydration free energy of all lanthanide ions 
becomes less negative with increasing pressure (P) and temperature (T ) up to 2.5 GPa and 1000 
K (typical conditions in the upper part of subducting slabs). The free energy difference between 
light- and heavy lanthanides remains essentially unchanged at elevated (P,T ) conditions. There 
are minor geometrical differences in local hydration environment between light lanthanide-
chloride (La-Nd) and heavy lanthanide-chloride (Pm-Lu) hydrated complexes, without a 
distinguishable energy difference. Complexation with fluoride is energetically more favourable 
than with chloride by 206 ± 4 kJ mol-1 across the entire lanthanide series. The association of 
fluoride-water and chloride-water fragments with lanthanide-water complexes is energetically 
more favourable for aqueous lanthanide complexes surrounded by fewer first hydration shell 
water molecules.
 The methods developed in this study, in conjunction with simulation of the energetics 
of trace element incorporation into minerals, open the possibility to use molecular modelling to 
constrain elemental behaviour in subduction zones.
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Introduction
 Major advances in computational chemistry are revolutionising our knowledge of 
the physical and chemical properties of the interior of the Earth (Gillan et al. 2006). Recent 
applications span a wide range of fields, from the assessment of temperature, pressure (e.g. 
Alfè et al. 2007) and mineralogy (e.g. 2000; Vocadlo et al. 2003) in the Earth’s core, to the 
crystallographic and elastic properties of post-perovskite in the lowermost mantle (e.g. Oganov 
and Ono 2004; Tsuchiya et al. 2004), and to the structural and thermodynamic properties of 
upper mantle minerals (e.g. Allan et al. 2001; Lavrentiev et al. 2003) and properties of silicate 
melts (e.g. Karki et al. 2007; Mookherjee et al. 2008) as a function of pressure and temperature.
 In addition to these studies involving major elements, trace element behaviour has also 
received considerable attention. Trace element partitioning between coexisting equilibrium phases 
is a function of pressure (P), temperature (T ) and composition (x). Current petrogenetic models 
frequently incorporate single parameter ‘bulk’ partition coefficients. A better parameterisation of 
trace element partitioning is essential for the development of more advanced computer models 
of for instance mid-ocean ridge systems, metamorphic terranes and subduction zones. Much 
computational work has focused on the energetics of mineral-melt trace element partitioning 
during mantle melting (Purton et al. 2000; van Westrenen et al. 2000; Brooker et al. 2003; 
Corgne et al. 2003; Du et al. 2008). To date, such advanced computational techniques have not 
been used extensively to study element partitioning behaviour in subduction zone fluids. The 
reasons for this are three-fold: First, due to technical challenges few systematic experimental 
data exist describing elemental behaviour at high pressure and temperature in aqueous systems. 
Compared to mineral-silicate melt trace element partitioning, experimental research on trace 
element partitioning between minerals and fluids is still in its infancy (Spera et al. 2007). 
This hinders verification of simulation results. Second, although the importance of the local 
environment in the melt or aqueous fluids is recognised (e.g. O’Neill and Eggins 2002 ; Prowatke 
and Klemme 2005 and references therein), the focus has been on element incorporation in the 
bulk mineral (1996; Purton et al. 1997; Wood and Blundy 1997; van Westrenen et al. 2000). 
Thirdly, computer simulations of melts and aqueous fluids are technically much more demanding 
both in terms of methodology and the computational resources required (Purton et al. 2000; 
Allan et al. 2003; Pohlmann et al. 2004; Goldman et al. 2005; Sherman 2007; Mookherjee et al. 
2008).
 New experimental designs (Stalder et al. 1997; Newton and Manning 2000; Kessel et al. 
2005; 2006; 2007; Tropper and Manning 2007; 2008) are now leading to the availability of 
new data both on mineral solubility and trace element behaviour in aqueous fluids (Stalder et al. 
1998; Newton and Manning 2000; 2007; Klimm et al. 2008; Tropper and Manning 2008). 
Large variations in element mobility arise from association/dissociation with other dissolved 
solutes and ligands, changes in solvent properties such as density, hydrogen bond network and 
dipole moment, pH, ionic strength and dielectric constant (Luo and Byrne 2000; Luo and 
Millero 2004; Manning 2004). Here a new computational method is developed to complement 
and extend these recent solubility and (trace) element partitioning experiments by gaining a 
better understanding of the processes in aqueous fluids at the atomic-scale.
 The rare earth elements (REE, usually taken as the lanthanides plus yttrium and sometimes 
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scandium) are a particularly useful suite of trace elements. Due to their minute concentrations 
and low reactivity, but significant variation in physical and chemical properties, they are often 
used to identify and quantify processes within the earth (van Westrenen and Draper 2007 and 
references therein). Field-based evidence as well as laboratory experiments suggest REE can form 
chloride, fluoride, hydroxide, carbonate, phosphate and sulphate complexes in hydrothermal 
fluids (Cantrell and Byrne 1987; Wood 1990a,b; Haas et al. 1995; 1996; Douville et al. 1999; 
Schijf and Byrne 1999; Williams-Jones et al. 2000; Gammons et al. 2002; Migdisov and 
Williams-Jones 2002; Allen and Seyfried 2005; Kessel et al. 2005; Mayanovic et al. 2007; 2007). 
In addition to effects of pressure and temperature, the presence and concentrations of these 
ligands are thus likely to play a critical role in determining REE mobility in subduction zones. 
But to date, the atomic-scale processes controlling elemental solubilities are poorly understood.
 Pending the completion of accompanying high-pressure, high temperature mineral-fluid 
trace element partitioning experiments, we are investigating the configurations and energetics of 
lanthanide complexes (lanthanum-57 to lutetium-71) dissolved in H2O at elevated pressures and 
temperatures using electronic structure theory.  For a systematic thermodynamic description of 
ions in aqueous solutions at different conditions of interest, we focus on the variation of hydration 
free energies between lanthanide elements and in particular the free energy of hydration relative 
to that of La3+.
 The next section presents a brief discussion on lanthanide hydration, followed by a 
description of a thermodynamic cycle developed to obtain hydration free energies. Details on 
the density functional theory (DFT) computations and the extension to finite pressure and 
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Figure 1-1. Plot of lanthanide hydration numbers obtained from X-ray diffraction measurements 
(●) and schematic trend-line illustrating the change from a 9- to 8 coordinated first hydration shell (after 
Rizkalla and Choppin, 1994).
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temperature precede a summary of results for lanthanide hydration. We conclude by extending 
the simple thermodynamic cycle to include fluoride and chloride association in order to assess 
the influence of these ligands on complexation energetics.

Methods

Local hydration environment

 The behaviour of cations in solution is determined to a large extent by the number and 
geometry of the surrounding solvent molecules, which in turn varies with cation charge, size and 
the presence of other ligands. Aqueous complexes incorporating f-block elements (lanthanides 
(4f ), and actinides (5f ) exhibit a coordination geometry determined mainly by steric hindrance 
and electrostatic forces (Rizkalla and Choppin 1991; 1994). The number of water molecules 
in the first solvation shell around lanthanide ions in aqueous solution varies across the f-block. 
Experiments using techniques such as Extended X-ray Absorption Fine Structure (EXAFS, 
Ohtaki and Radnai 1993; Allen et al. 2000), X-ray diffraction (Habenschuss and Spedding 
1979b; Habenschuss and Spedding 1979a; Habenschuss and Spedding 1980), Nuclear Magnetic 
Resonance (NRM, Cossy et al. 1988) as well as Molecular Dynamics (MD) simulations (Kowall 
et al. 1995; Cosentino et al. 1997; Floris and Tani 2001; Clavaguera et al. 2005; Clavaguera 
et al. 2006; Yazyev and Helm 2007), have shown that light cations are nine-fold coordinated,   
Ln(H O)2 9

3+ , while the heavy cations are eight-fold coordinated. The transition from 9 to 8 
water molecules in the first solvation shell is not clearly defined but it is generally assumed that 
the coordination number is nine for La3+-Nd3+, eight for Tb3+-Lu3+, and that Pm3+-Gd3+ have a 
mixed coordination environment between 9 and 8 (Figure 1-1, after Rizkalla and Choppin 1991; 
1994). The mixed state can be viewed as either an average bulk value, where some complexes 
exhibit an 8-fold and some a 9-fold coordination, or as a average value over time i.e. involving 
dynamical exchange of water molecules between the first and second hydration shells. The 9-fold 
coordinated cations form a tricapped trigonal prismatic (TCTP) complex with a D3 symmetric 
first solvation shell (C3 rotation axis, Figure 1-2a) and the 8-coordinate cations are at the centre 
of a square anti-prismatic (SQA) structure with S8 symmetry (C4 rotation axis, Figure 1-2b).

Hydration thermodynamics

 As mentioned above, the energetics of lanthanides in aqueous fluids can be described by 
the free energy change (ΔGhydration) upon solvation of a cation Mz+:

(1)

This requires an accurate description of the solute and solvent. The system can be described 
either classically (using an appropriate force field parameterisation) or quantum mechanically 

( ) ( )M g M aqz zGhydrationD+ +
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(semi-empirical or ab initio). The classical description of the interaction between lanthanides and 
water molecules is still in its infancy (Floris and Tani 2001 and references therein; Duvail et al. 
2008) and cannot easily be extended to include complexing ligands such as fluoride and chloride. 
Calculating the free energy change directly using a quantum mechanical approach with a fully 
explicit bulk solvent description is computationally prohibitively expensive. Unfortunately, 
describing the cation in a quantum mechanical context within an implicitly parameterised bulk 
solvent does not yield information on the local hydration environment and is poorly constrained 
by means of the ‘effective radius’ of the cation, which in turn cannot easily be extended to include 
complexing ligands. A hybrid approach where the long-range perturbations due to the solute are 
treated by including additional explicitly defined hydration zones separating the solute from a 
bulk continuum (Rizkalla and Choppin 1991) can also be used. In this case, the hydration free 
energy upon solvation of an element Mz+ with an explicit solvation shell requires an additional 
energy term for the free energy change upon complexation, prior to solvation in an implicitly 
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Figure 1-2. Schematic representation of the two main first hydration shell conformations of 
lanthanide-water complexes (Ln(H O)2

3
n
+ ): (A) tri-capped trigonal prismatic (TCTP) structure and (B) top 

view of the square anti-prismatic (SQA) structure.
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described bulk solvent. The total free energy change of reaction  can thus be viewed as a three step 
process (Floris et al. 1995; Spera et al. 2007):

Evaporation of n water molecules:

(2)

where n is the number of water molecules in the first hydration shell.
Complexation of n water molecules with the cation Mz+ (gaseous):

(3)

Solvation of the gas-phase complex in a continuous medium (water in our case):

(4)

The hydration free energy for the lanthanide series elements can thus be described by the 
following thermodynamic cycle, here illustrated for La3+ and Lu3+:

Electronic structure and atomistic simulation

 Long range perturbations of the solvent due to the presence of a solute are often 
parameterised by considering an atom, either classically or quantum mechanically, embedded 
in a bulk polarisable structureless medium with dielectric constant ε and a specific density ρ 
(Cossi et al. 2002). A potential pitfall in this approximation is that the local environment around 
the atom is not considered. Rather than treating the whole solvent in an explicit quantum 
mechanical setting, we take the hybrid approach where explicitly defined water molecules form 
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a first hydration shell separating the solute from the bulk solvent.
 In our calculations, we apply the energy consistent set of effective core potentials (ECP’s) 
derived by (1989; Dolg 1993) for the lanthanides. These ECP’s replace a Kr[4d104fi] electronic 
core configuration, where i takes values from 0-14 for the lanthanides (La-Lu). The number of 
electrons to be treated exactly is thus reduced to 11 for all lanthanides. Because core electrons 
in heavy atoms move at a substantial fraction of the speed of light (c) they exhibit mass changes 
(generally significant for Z>36, but already present for Z~10) (Jensen 2007). The velocity-
dependent dynamical mass results in s- and p-orbital contraction, while d- and f-orbitals expand 
(due to the more effective screening of the nucleus by the s- and p-orbitals). The well-known 
lanthanide contraction, which is manifested as a decrease in atomic and ionic radii from La to 
Lu, is partly due to this relativistic effect (which is more prominent in actinides compared to 
lanthanides) and partly due to increasingly incomplete screening of nuclear charge by the 4f 
electrons (Kuchle et al. 1997). With the ECP’s applied here, non-relativistic Hartree-Fock, quasi-
relativistic Wood-Boring and full relativistic Dirac-Fock calculations are possible. The present 
study uses the quasi-relativistic ECP’s, implemented in the Gaussian03W code as MWBn where 
n is the number of electrons to be replaced by the effective core (Frisch et al. 2005) for the 
lanthanides, and a standard 6-31G* basis set on the hydrogen and oxygen atoms (see for instance 
Ditchfield et al. 1971; Harihara and Pople 1973 and references therein). Geometry optimisation 
calculations were performed using Becke’s three parameter hybrid exchange functional (Becke 
1993) combined with the correlation functional by Lee, Yang and Parr (B3LYP, Lee et al. 1988; 
Miehlich et al. 1989). Frequency calculations, gas-phase binding energies and solvation energies 
were calculated using B3LYP DFT. Implementation using the Perdew-Burke-Ernzerhof ’s hybrid 
functional (PBE1PBE), which uses 25% exchange and 75% correlation weighting (Perdew et al. 
1996a,b), yielded no significant difference. Spin-orbit effects in lanthanides are considerably 
smaller than in actinides (Kuchle et al. 1997) and are not included in the present study.
 The nine-fold and eight-fold coordinated explicit first hydration shell geometries were 
optimised for all variables in vacuo at the B3LYP/6-31G*/MWBn-ECP level of theory. The 
self-consistent field (SCF) calculations during geometry optimisation were carried out using a 
combination of an energy minimisation direct inversion iterative subspace algorithm (EDIIS) 
(Kudin et al. 2002) and a special variant of Pulay’s direct inversion of iterative subspace (CDIIS) 
(Pulay 1982), without damping or Fermi broadening. This was adjusted to CDIIS with dynamic 
damping on early SCF iterations for difficult to optimise geometries (mainly 8-coordinated 
complexes).
 We use very tight convergence criteria for the SCF procedure with an extra quadratically 
convergent step where needed, i.e. a linear search far away from convergence and a Newton-
Raphson step when nearing convergence. A Hückel-type guess for the initial generation of the 
wavefunction gave unsatisfactory results. To improve convergence we used instead an initial 
wavefunction estimate by diagonalisation of the core Hamiltonian, i.e. ignoring the effect 
of electron-electron repulsion before calculating the density matrix. Due to the flat potential 
energy surface for the complexes under investigation, we used the modified version of the direct 
inversion of iterative subspace algorithm for geometry optimisation (GDIIS) (Csaszar and Pulay 
1984; Farkas and Schlegel 1999). The integrals are computed on a pruned ultrafine grid with 99 
radial shells and 590 angular points per shell.
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Thermodynamic cycle

 The ab initio calculations yield the static energy of the molecules investigated. For our 
present purpose involving solvation of lanthanides, and the extension to finite temperatures and 
pressures, several additional terms are needed as described in our thermodynamic cycle, reactions 
(2)-(4):

(Cycle step 2) The free energy change for the vaporisation of water at room temperature and 
pressure (298.15 K and 1 atm) is well known experimentally. Therefore the experimental value 
of ΔGvap=8.626 kJ mol-1 (Marcus 1985) is used for room temperature and pressure calculations.

(Cycle step 3) The electronic contribution to the free energy change of complexation in the 
gas phase is calculated from (Young 2001):

(5)

When using a finite basis set, the calculation of interaction or binding energies in this way results 
in basis set superposition errors (BSSE, Boys and Bernardi 1970). When a molecular fragment 
becomes part of a larger system, i.e. when forming a complex, the fragment is able to use, at 
least in part, the basis functions of its interaction partners. When calculating the interaction 
or binding energy, the energy of the whole system is computed lower in comparison to the 
separate subsystems which do not benefit from the basis functions of their interaction partners 
(Vanduijneveldt et al. 1994). Here, interaction energies are partially corrected for this using the 
commonly used counterpoise (CP) correction (Boys and Bernardi 1970; Simon et al. 1999). 
This method uses ghost orbitals of all molecular fragments (orbitals at the position, but without 
the presence of the actual atoms) to extend the basis set of each fragment to obtain Ecorrected ; the 
counterpoise corrected energy of the Ln-H2O complex within the full basis set. The remaining 
terms, ELn/MCBS and EH2O/MCBS are the molecular fragment or monomer centred basis set (MCBS) 
interaction energies for the central lanthanide ion and the n surrounding water molecules.
 In addition to the interaction energy (reaction 5), vibrational, rotational and translational 
(vrt) contributions need to be considered to yield the free energy of gas-phase complexation 
(reaction 3):

, with                                                                       (6)

(7)

The vibrational, rotational and translational terms for the complexes and water molecules 
were calculated from frequencies computed from the second derivatives of the energy of the 
optimised structures in the rigid rotor harmonic approximation (see also Floris et al. 1995). 
Some low frequency modes may be internal rotations, which we identify and treat using the 
hindered rotor analysis (Ayala and Schlegel 1998). Although DFT proves to be an excellent 
tool to predict vibrational frequencies, biases arising from vibrational anharmonicity and an 
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incomplete treatment of electron correlation require the introduction of a scaling factor to the 
calculated frequencies (Wong 1996; Dunn et al. 2006). By analysing a large computational 
comparison and benchmark database (CCCBDB), Irikura et al. determined this scaling factor 
at 0.9594±0.0200 for the B3LYP/6-31G* theoretical method and basis set (Irikura et al. 2005).  
Here, this estimated scaling factor is used to adjust the biased vibrational modes computed for 
the charged gas phase complexes. Whereas Floris and co-workers (1995) impose very large force 
constants on O-H stretching and H-O-H bending terms essentially treating the water molecules 
as rigid, no such constraints were applied in our calculations.
 The vibrational and rotational partition functions for a single atom (Ln3+) are zero. 
Contribution to the internal energy due to translation for a monatomic gas equals RT2

3 . With 
the assumption that higher excited states are inaccessible at any temperature, the contribution 
from these states is also zero. The enthalpy is thus H(Ln3+)= RT RT2

3 + =6.197 kJ mol-1 at 
298.15 K and 1 atm. With increasing mass, there is also a slight increase in the entropy of the 
bare gas-phase lanthanide ion (Ln3+), given by the Sackur-Tetrode equation:

(8)

where Λ is the thermal wavelength and m the atomic mass. Se is a correction for the degeneracy 
of the electronic ground state. Assuming, as above, no population of higher (excited) electronic 
states, Se is given by:

(9)

where J is the total electronic angular momentum quantum number listed in Table 1-1. The free 
energy contribution from the lanthanide ion to reaction (7) equals:

(10)

(Cycle step 4) Long-range effects of solvation are taken into account by embedding the 
vacuo-optimised gas phase complex in a polarisable-continuum solvation model (PCM) and 
computing the free energy of this reaction. The free energy change associated with placing a 
solute from a vacuum in a uniform polarisable medium consists of three processes:

1. work done due to the creation of a suitably sized hole in the medium (Wcavity ),
2. non-electrostatic work in the form of dispersion and repulsion interactions (Wdispersion-repulsion ),
3. polarisation of the medium by electrostatic interactions (Welectrostatic ).

In addition, terms due to structural re-arrangements of the solute to a more stable configuration 
(Wgeometry ) and contributions from modifications to the zero point vibrational energy (ZPE) 
and translational- and rotational solute partition functions when going from vacuo to solution 
(Wvib ,rot ) can be incorporated (Cosentino et al. 2000). This results in the expression:

Ln ( ) ln
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2
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(11)

The total free energy of a species in solution (Gsolution) is the sum of the free energy of the species 
in vacuo (Gvacuo) and this change in free energy due to solvation (ΔGsolvation).
 When describing the solute in a quantum mechanical sense, interactions with the solvent 
will induce modifications to the electronic wavefunction that can only be resolved iteratively 
using a Self-Consistent Reaction Field (SCRF) method. Several approaches exist, of which the 
Polarizable Continuum Model (PCM) (Mennucci and Tomasi 1997; Cossi and Barone 1998; 
Cossi et al. 1998), Conductor like Screening Model (COSMO) and Solvation Models (SMx, 
where x=1-6 by Cramer and Truhlar 1991) are the most important ones, each having specific 
formalisms and parameterisations. The size and shape of the cavity most strongly influence the 
calculations. Although there is no consensus on which method to take for the cavity generation 
(Cossi et al. 2002), it is commonly constructed by interlocking spheres with atomic van der Waals 

G W W W W W , solvation electrostatic cavity dispersion repulsion geometry vib rot= + + + +D -

Table 1-1. Calculated monatomic gas-phase entropy of the lanthanide series including a 
correction for the degeneracy of the electronic ground state

Element Mass Ground-
state

Electronic 
angular-

momentum

Entropy
(J K-1 mol-1)

La 138.906 1S0 0 170.28

Ce 140.120 2F5/2 5/2 185.28

Pr 140.908 3H4 4 188.73

Nd 144.240 4I9/2 9/2 189.89

Pm 145.000 5I4 4 189.08

Sm 150.360 6H5/2 5/2 186.16

Eu 151.960 7F0 0 171.40

Gd 157.250 8S7/2 7/2 189.12

Tb 158.925 7F6 6 193.28

Dy 162.500 6H15/2 15/2 195.29

Ho 164.930 5I8 8 195.98

Er 167.260 4I15/2 15/2 195.65

Tm 168.934 3H6 6 194.05

Yb 173.040 2F7/2 7/2 190.31

Lu 174.967 1S0 0 173.16
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radii centred on solute atomic positions or atom groups, scaled by an empirical factor. We use a 
modified version of the United Atoms radii for Hartree-Fock (UAHF) and Kohn-Sham (UAKS) 
theory (Barone et al. 1997; Cossi et al. 2002; Takano and Houk 2005) to build molecular cavities 
using symmetry constraints similar to the geometry optimisations. These radii are collected in the 
United Atom Topological Model, optimised for the HF/6-31G* and PBE0/6-31G(d) (Adamo 
and Barone 1999) level of theory respectively. The tesserae (tiles within a mosaic) that were used 
to construct the cavity have an average surface area of 0.200 Å2. The self-consistent reaction 
field (SCRF) calculations were solved within the framework of the polarisable conductor-PCM 
(C-PCM) (Cossi et al. 2002) using pure water (dielectric permittivities ε0=78.39, ε∞=1.776, 
solvent radius 1.385 Å) at 298.15 K with a solvent dependent electrostatic scaling factor (1.2 for 
water) (see for instance Curutchet et al. 2003).

Pressure and temperature

 The effects of different temperatures and pressures can be taken into account by modifying 
the following parts of the thermodynamic cycle:

(Cycle step 2) The free energy of vaporisation cannot readily be extrapolated from room 
temperature and pressure to geologically relevant conditions due to the non-ideal behaviour of 
water (the compressibility Z≠1) under extreme P and T. Noting that the compressibility of water, 
Z, can be written as PV/RT, we can define the fugacity f (P,T ) as:

(12)

The free energy change ΔGvap then becomes:

(13)

Here ,Psat Tf  is the fugacity at the temperature of interest on the saturation curve at pressure 
P=Psat , i.e. where ΔGvap=0. The saturation pressure and fugacity were found from the (P,V,T ) 
thermodynamic formulations of (Wagner et al. 2000; Zhang and Duan 2005). Due to its 
continuous validity from zero to extreme (P,T ) and simple analytic solution for water fugacity, 
f (P,T ) is calculated from the equation of state for water at extreme pressures and temperatures 
(Pitzer and Sterner 1994) as implemented by (Withers et al. 2000). Using equation (13), 
ΔGvap at 298.15 K and 1 atm (ΔGvap=8.527 kJ mol-1) deviates -1.15% from measured values 
(ΔGvap=8.626 kJ mol-1). Beyond the critical temperature and pressure (647.096 K and 22.064 MPa, 
Wagner et al. 2000), water clusters are present in a gas-like state. In supercritical water, the notion 
of evaporation looses its validity and ΔGvap=0, i.e. H2O (aq) = H2O (g) = H2O (supercritical).
(Cycle step 3) The monatomic entropy, Ln ( )S g3+^ h for the new (P, T ) conditions can be 
computed using equation (8) and inserted in equation (10) to obtain Ln ( )G g3

vrt
+^ h. By re-

evaluating the vibrational, rotational and translational free energy contributions for a water 
molecule ( H OG 2vrt ] g) and the lanthanide-water complex ( Ln(H O)G 2

3
vrt n
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complexation free energy (equation 6) at the (P,T) conditions of interest.
(Cycle step 4) To extend our calculations to temperature and pressure conditions found in 
subduction zones, the temperature, density and dielectric constant of the polarisable continuum 
model are changed according to the density of water as a function of pressure and temperature 
taken from the IAPWS-95 formulation (Wagner et al. 2000; Wagner and Pruss 2002). The 
dielectric constant (static relative permittivity) is a macroscopic expression of the polar nature of 
the water molecules. Its magnitude can be obtained from various empirically derived relations 
and molecular dynamics simulations (Wasserman et al. 1995). Here, we adopt the method of 
Fernandez et al. (1997) who use the Harris and Alder g-factor to obtain the dielectric constant 
up to 1200 K and 1200 MPa:

(14)

where ε0 is the permittivity of free space, α the mean molecular polarisability, μ the molecular 
dipole moment and g is given by:

(15)

where ρc is the critical density at the critical endpoint temperature Tc. The coefficients Nh and the 
exponents ih and jh are from the revised release of the values of temperature, pressure and density 
of ordinary and heavy water substances at their respective critical endpoints (table 5 in Fernandez 
et al. 1997).
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Results
 Figure 1-3 shows the calculated Ln-O bond lengths of vacuo-optimised lanthanide-water 
complexes. The hydrogen atoms all point outward from the central lanthanide ion. Within the 
specified 8- and 9-fold symmetries, the Ln-O distance decreases as the mass increases and Ln3+ 
decreases in size. The interactions between the trigonal and equatorial molecule fragments in the 
TCTP structure result in a non-linear variation of the Ln-O distance from La to Ho. Vacuo-
optimisations are not convergent for nine-fold coordinated Ln3+ complexes heavier than Ho and 
eight-fold coordinated Ln3+ complexes lighter than Sm. Comparison with recent literature data 
from EXAFS experiments on lanthanide-water complexes in solution (Rizkalla and Choppin 
1994) indicates a slight overestimation in our calculations of all Ln-O bond lengths of vacuo-
optimised geometries. Note that we make a comparison here between fully solvated and vacuo-
optimised complexes, possibly contributing to the observed bond-length overestimation. Also, 
in order to get sufficient intensities during X-ray based measurements, elemental concentrations 
need to be high and the solutions are often enriched in complexing ligands such as chlorine 
(Rizkalla and Choppin 1991). The larger Ln-O distances, and hence increased volume of the 
cavity in the bulk solvent, may however contribute to less negative hydration free energies of the 
complexes compared to thermodynamic predictions (Bratsch and Lagowski 1985a,b; Rizkalla 
and Choppin 1991; 1994).
 Calculated hydration free energies (ΔGhydration) for nine-fold coordinated Ln3+ complexes 
show good agreement with literature values at room pressure and temperature with an average 
difference of -0.9±0.3% (Figure 1-4). The computed hydration free energies for eight-fold 
coordinated Ln3+ complexes are less negative by -1.9±0.1% compared to literature values. In 
the region where both eight- and nine- coordinate complexes appear to be stable (Sm-Ho), we 
report two hydration free energies. Note that our calculations suggest that nine-fold coordinated 
complexes are thermodynamically more favourable than eight-fold coordinated complexes up 
to . The experimentally determined number of first hydration shell water molecules gradually 
changes from predominantly nine-fold complexes for light lanthanides (Sm) to eight-fold 
complexes for heavy lanthanides (Ho). The hydration free energy is more negative for smaller 
complexes (heavy lanthanides) relative to larger complexes (light lanthanides) with the difference 
(ΔΔGhydration) between La and Lu in water amounting to 361 kJ mol-1, compared to 416 kJ mol-1 
from literature (Bratsch and Lagowski 1985a,b; Rizkalla and Choppin 1991; 1994). These 
discrepancies between our results and experimental data could indicate that our thermodynamic 
model is underestimating the difference in energy with coordination number. For example, we 
find less negative hydration free energies when computing the hydration free energy without 
including a correction for the vibrational, rotational and translational entropy of the complexes 
(reaction 8). But the relative difference (ΔΔGhydration) between La and Lu increases to 394 kJ mol-1, 
which is in better agreement with experiment).
 The offset in absolute hydration free energy excluding ΔGvrt is constant for complexes 
with identical first hydration shell water molecules (ΔGhydration deviates from literature by 
256 kJ mol-1 for nine-fold and 276 kJ mol-1 for eight-fold coordinated complexes). This 
observation, combined with the larger difference between smaller, heavy eight-fold coordinated 
lanthanide complexes with literature findings could indicate an increased importance of 
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Figure 1-3. Ln-O bond lengths obtained from gas-phase optimisations of eight- (▲) and 
nine- (♦=equatorial and ▼=trigonal) coordinate lanthanide-water complexes (this study). Also shown are 
experimental results from X-ray- and neutron diffraction studies on equatorial (♦) and trigonal (▼) molecules 
of the TCTP conformation, the SQA (▲) conformation and weighted best linear fit (●) bond distances 
(Miyakawa et al., 1988) as well as mean Ln-O bond lengths obtained from extended X-ray absorption fine 
structure (EXAFS) methods (Allen et al., 2000) (□) and (Ishiguro et al., 1998) (○).
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Figure 1-4. Hydration free energy change of eight (Δ)- and nine (●)- coordinate lanthanide-water 
complexes, computed using the thermodynamic cycle proposed above. Our calculated values are compared to 
free energies obtained from standard-state thermodynamic predictions (□) reported in relation to the reference 
value for the hydration of H+(aq) (Bratsch and Lagowski, 1985a,b; Rizkalla and Choppin, 1991, 1994)
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contributions to the vibrational, rotational and translational entropy from second- and higher 
order hydration shells for heavier complexes with a smaller first hydration shell volume, not 
accounted for in the present study. Variation in binding energy and vibrational modes due to a 
larger amount of explicit water molecules may provide a more accurate absolute hydration free 
energy. To date, similar computational studies that do (partially) take into account explicit second 
shells are rare and mainly focussed on water exchange between the first and second hydration 
shell (Erras-Hanauer et al. 2003). Given the shallow energy minima that exist for lanthanide 
complexes within the current method, including a fully explicit second hydration shell at this 
moment is computationally prohibitively expensive and beyond the scope of this contribution.

Pressure and temperature

 As discussed in the Methods section, the effects of pressure and temperature can be 
assessed by modifying the temperature, density (particles per Å3) and dielectric constant 
(calculated at the desired temperature and density) within the polarisable continuum solvent 
model (Wasserman et al. 1995; Fernandez et al. 1997; Wagner et al. 2000). Figure 1-5 shows the 
variation of the dielectric constant for conditions relevant to subduction zone processes. At 20°C 
and 1 atmosphere, the value of the dielectric constant is approximately 80.
 The largest (P,T ) variation in the dielectric constant occurs at the lowest pressure and 
temperature conditions, i.e. at the start of the subduction process. Figure 6 shows the change 
in hydration free energy for lanthanum and lutetium complexes for different temperatures at 
a constant pressure of 150 MPa (conditions plotted in Figure 1-5), i.e. a decrease in dielectric 
constant from 85 to 20, caused by a decrease in the number of hydrogen bonds due to temperature 
and density effects (Cochran et al. 1992). The hydration free energy becomes less negative with 
decreasing dielectric constant. With increasing temperature, the hydration free energies of both 
La(H O)2 9

3+  and L (H O)u 2
3
8
+  complexes become less negative. Hydrothermal synchrotron X-ray 

experiments of gadolinium-water complexes show a steady decrease in the number of H2O 
molecules in the first hydration shell from 9.0±0.5 at 25°C to 7.0±0.4 at 500°C (Mayanovic et al. 
2007), suggesting that high coordination numbers indeed become less favourable with increasing 
temperature.
 The effect of pressure can be inferred from Figure 1-6, where we compare room 
temperature and pressure conditions to the constant P (150 MPa) variable ε (and T ) values. 
The hydration free energies for La and Lu become 170 kJ mol-1 respectively 151 kJ mol-1 more 
negative (ΔP=150 MPa, Δε=6.6).
 In relatively cold parts of the subducting plate (top of the crust), the dielectric constant 
varies from ~78.3 at room (P,T) up to ~25 at depth. Note that in hydrothermal magmatic systems 
exceeding wet or dry solidi however, the dielectric constant can be as low as <10 (Figure 1-5). 
Assuming an average dielectric constant of 25 and following the density at the top of the SW Japan 
subducting plate up to a temperature of 1000 K and a pressure of 2.5 GPa, the hydration free 
energies for all lanthanides (Figure 1-7) reduce by ~230 kJ mol-1 compared to room temperature 
and pressure. The hydration free energies of trivalent eight- or nine-fold coordinated lanthanide 
complexes reduce by roughly equal amounts with increasing water density.
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To summarise the effect of pressure and temperature:
1. With increasing pressure at constant temperature and dielectric constant, the hydration 

free energy becomes more negative.
2. With increasing temperature at constant pressure, the dielectric constant decreases rapidly 

from around 80 to 20 and this reduces the hydration free energy of trivalent lanthanide 
complexes.

3. With increasing water density at equal dielectric constant (increasing pressure and 
temperature along the subducting slab), the hydration free energy becomes less negative. 
Thus, it becomes energetically less favourable for these complexes to exist with increasing 
water density. The decrease in hydration free energy occurs at equal rate for all lanthanides. 
This implies that the change in water density along the subduction path does not alter the 
fractionation between light- and heavy aqueous lanthanide complexes.

Figure 1-5. Variation of the dielectric constant up to 1200 K and 1200 MPa (contour lines) with 
extrapolations up to 2.5 GPa (dashed) as a function of pressure and temperature. The top of the NE and SW 
Japan subducted oceanic crust (Peacock and Wang, 1999) is plotted together with major phase transitions and 
possible solidi for MOR basalt with water contents of 1.8%, 0.8%, and 0% (solidus a, b and c respectively 
from Vielzeuf and Schmidt, 2001). Simulations are performed at different (p, T, ε) conditions indicated 
by (●).

300 400 500 600 700 800 900 1000 1100 1200 1300 1400 1500

Temperature (K)

0

1000

2000

3000

4000

5000

Pr
es

su
re

 (M
Pa

)

Grt -in

Coe
Qtz

Ep & Zo -in

Amp-out

So
lid

us
 (a

)
S

ol
id

us
 (b

)

Zo -out

To
p 

N
E 

Ja
pa

n
To

p S
W

 Ja
pa

n

So
lid

us
 (c

)



26

Molecular modelling of REE complexation

Figure 1-6. Change in the hydration free energy of (●) and (Δ) in the polarisable continuum 
solvation field as a function of the dielectric constant of the bulk solvent at constant pressure (150 MPa). 
The computed hydration free energy change for lanthanum and lutetium complexes at 298.15 K and 1 atm 
(ε=78.39) are plotted for comparison.
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correspond to a pressure increase from 1 atm to 2.5 GPa and a temperature increase from 298 K to 1000 K 
following the subduction path (cf. Figure 1-5).
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Complexation with F- and Cl- 

 To gain insight into the local aqueous environment around the anions F- and Cl- bound 
to lanthanide cations, and to investigate its effect on the first hydration shell of lanthanide-
water complexes, we include extra water molecules essentially combining a tri-fold coordinated 
‘aqueous’ anion species to form a divalent Ln(F ,Cl ) (H O)2 11

2- - +  solute in a PCM bulk solvent. 
Due to the flatness of the potential energy surface, geometry optimisations involve many 
searches of shallow minima where small forces introduce fairly large displacements. Reducing the 
optimisation constraints does not change the final geometry to any significant extent. Moreover, 
since we are interested in relative energy differences, we can make a first approximation of 
anion complexation by converging forces on less strict displacement constraints. We find that 
optimised fluoride-lanthanide bond lengths are approximately 19-17% smaller than chloride-
lanthanide bond lengths (Figure 1-8). With increasing lanthanide mass, the lanthanide-anion 
distance decreases, accompanied by a less pronounced increase in the separation of the anion and 
the three hydrogens to which it is hydrogen-bonded. The step change in the lanthanide-chloride 
distance between neodymium and promethium marks a possible transition from a SQA-related 
conformation (Figure 1-9a) to a slightly different ‘distorted 3-5-3’ stable complex conformation, 
derived from the tri-capped trigonal prismatic structure (Figure 1-9b). The distance between the 
central lanthanide ion and the three water molecules is much smaller than the distance between 
the lanthanide ion and the three water molecules on top of the chloride anion. Compared to the 
modified SQA complex, the ‘distorted 3-5-3’ complex effectively takes one water molecule from 
the lower square into an equatorial water molecule arrangement with the four water molecules 
from the upper square.
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Figure 1-9. (A) Schematic representation of the Ln(H O)2 8
3+  SQA first hydration shell 

conformation viewing along the symmetry axis with the position of the attached tri-fold coordinated fluoride 
anion LnF (H O)2 11

2+ , where Ln=lanthanum-lutetium or chloride anion LnCl (H O)2
2
11
+ , where Ln=lanthanum-

neodymium. (B) Stable first hydration shell conformation of LnCl (H O)2
2
11
+  for Ln=promethium-lutetium 

indicates a ‘distorted 3-5-3’ coordination with water of the Ln-Cl pair derived from the TCTP structure.
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For the incorporation of anions in the first hydration shell, we modify the thermodynamic cycle 
to include fluoride or chloride:

The free energy difference (ΔGhydration) between complexes with and without fluoride or chloride in 
the first hydration shell are obtained from the energies of the solvated lanthanide-water complexes 
computed earlier and the energies of H2O(aq), F-(aq) or Cl-(aq) and Ln(F,Cl) (H O)2 11

2+  (aq) 
(Figure 1-10). For clarity, we present results relative to La(H O)2 9

3+  to better illustrate the 
differences in energy of the fluoride and chloride complexes. Similar to the trend observed for 
trivalent lanthanide-water complexes, association energies become more negative with increasing 
lanthanide mass. The changes in free energy accompanying complexation of Ln3+ and F- are 
-270 kJ mol-1 and -354 kJ mol-1 compared to Ln(H O)2 9

3+  and Ln(H O)2 8
3+  respectively. For 

Ln3+ and Cl-, the free energy changes are smaller: -64 kJ mol-1 and -149 kJ mol-1 relative to 
Ln(H O)2 9

3+  and Ln(H O)2 8
3+ . These results for chloride containing complexes are in agreement 

with experiments that show lanthanides become more soluble in the presence of chlorine 
(Keppler 1996).
 On average, the energetic difference between fluoride and chloride containing complexes 
is 206 ± 4 kJ mol-1, with fluoride being the most favourable. A notable feature is that the 
association of fluoride-water and chloride-water fragments is stronger with eight-fold than with 
nine-fold coordinated lanthanide-water complexes. With the reduction in the number of first 
hydration shell water molecules upon increased (P,T ) conditions, the effects of the presence of 
both chloride and fluoride on lanthanides solubility in subduction zone fluids is expected to 
become more prominent.
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Final remarks
 Here, we have shown that atomistic simulations provide a more detailed understanding 
of the local hydration environment of individual elements and the formation and energetics 
of hydrated lanthanide-fluoride and lanthanide-chloride complexes for conditions relevant 
to subduction zone fluids. Ultimately, the solubility of elements in subduction zone fluids is 
controlled by the difference in the free energy of elements in a solid mineral phase relative to 
the free energy of hydrated elements in a solvent or even a (hydrous) silicate melt. Future work 
includes extending atomistic simulations of (trace) element incorporation in minerals computed 
using molecular mechanics (1996; Purton et al. 1997; van Westrenen et al. 2000; Corgne et al. 
2003) towards full ab initio DFT calculations compatible with the method outlined in this 
paper. This will allow us to evaluate solution energies of elements in minerals in the presence 
of a (supercritical) fluid with complexing ligands, and hence provide an atomic-scale model for 
processes occurring in the subduction zone factory.


